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Normalized solutions of Kirchhoff equations
with Hartree-type nonlinearity
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Abstract

In the present paper, we prove the existence of the solutions (A, u) €
R x H'(R?) to the following Kirchhoff equations with the Hartree-type
nonlinearity under the general mass supercritical settings,

- (a + b/]R3 |Vu|2dm) Au — du = [Io * (K(z)F(u))] K(x)f(u),
u e H'(R?),

where a,b > 0 are prescribed, I, = |ac|"73 is the riesz potential where
a € (0,3), K € C'(R® R") satisfies an explicit assumption and f €
C(R,R) satisfies some weak conditions, we develop some new tricks for
dealing with the Hartree-type term to overcome the difficulties produced
by the appearance of non-constant potential K(z). This paper extends
and promotes the previous results on prescribed L2-norm solutions of
the Kirchhoff-type equation.
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1 Introduction

In this paper, we are concerned with the following Kirchhoff equation with the
Hartree-type nonlinearity:

- <a + b/RS Vuzdx) Au—u = < s K(y)F(u(y))dy> K(z)f(u(x)),

|z —y[*~e
u € H(R?),
(1.1)

where a,b > 0 are prescribed, a € (0,3), A is unknown and will appear as a
Lagrange multiplier, K € C1(R3,RT) and f € C(R,R) satisfies

(F1) f € €(R,R), there exists p € (52,3 4+ ) such that 0 < f(t)t < pF(t)
for all t € R, and meas{t € R : pF(t) — f(t)t =0} = 0;

(F2) there exists § € (1+ &, ™) such that

F(t F(t
im Lo) =0 and lim 7(+) = +00;
[t|—0 |t] [t| oo |t| 75

(F3) the mapping ¢ — [f(£)t—6F(t)]/|t| 5"t is nondecreasing on (—oc, 0) and
(0, +00).

Such kind of equation (1.1) involving general nonlinearity f(u), named as
Kirchhoff-type equation, was first proposed by Kirchhoff [14] as an extension of
the classical D’Alembert’s wave equations for free vibration of elastic strings.
For more details about the physical background on Kirchhoff’s model, we refer
to [1, 2, 5].

From the mathematical point of view, the term [, |[Vu|*dz in (1.1) indi-
cates that the Kirchhoff-type equation is not a pointwise identity any more.
It is worth mentioning that the pioneer work by Lions [17] first introduced
a functional analysis approach, hereafter, a series of subsequent study has
been done on the existence and multiple existence of solutions to the nonlin-
ear Kirchhoff equations. When A € R is a fixed parameter, we call it fixed
frequency problem, or A replaces with general potential V' (x), the existence of
solutions around the Kirchhoff equations has been intensively studied during
the last decade, we refer to [3, 8, 9, 12, 15, 24] and the references therein. In
this case, one can apply the variational method to look for the critical points of
the associated energy functional, such as the methods explored in [31, 32, 33],
but without any information on the L2-norm of the solutions.

In the present paper, motivated by the fact that physicists are often inter-
ested in “normalized solutions”, we search for solutions in H'(R?) possessing
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the prescribed L2-norm. More precisely, for given ¢ > 0,

(fte,ue) € R x HY(R?) solution of (1.1) with / lu|?dz = .
R3
This kind of problem is naturally derived from the research of orbital stability
of the standing waves for the time-dependent nonlinear Kirchhoff equation,
and it seems to be particularly meaningful from the physical point of view as
there is a conservation of mass. Such prescribed L2-norm solutions of (1.1)
can be obtained by looking for critical points of the following functional,

1) =5 [, 1Vl + Z (/ i) (1.2

L[ [ KOPKEr ),
R3 R?) ’

|z —y[3~

on the constraint
8. ={ue H'(R®) : ||ul3 =c},

where F'(u fo t)dt. In this case, the parameter A € R appears as a
Lagrange multlpher and each critical point u. € 8. of I|g, corresponds to a
Lagrange multiplier A. € R such that (uc, Ac) solves (weakly) problem (1.1).

On the one hand, among the investigations into the existence of normalized
solutions of the Kirchhoff equation, Ye [26] first demonstrated the existence
and non-existence of normalized solutions to the following equation

- (a + b/ |Vu|2) Au—du = |[ulP%u, xRV,
RN

ue H' (RY)

(1.3)

for p € (2,6). In particular, Ye [26] used the minimization method to find the
minimizer of

o(c):= inf I(u), (1.4)

where 8, = {ue H' (R") : |Ju||3 = ¢} and I(u) is the corresponding energy
functional of the equation (1.3). Ye [26] succeeded to prove two existing results
of &(c), the minimizer &(c) attained under different ranges of p < 2 + 8/N.
Moreover, by a scaling technique and applying the concentration-compactness
principle, they succeeded to verify that there is no minimizers for problem
(1.3) when p > 2 + 8/N. In particular, for the case of 2 +8/N < p < 2%,
&(c) = —oo, which implies the minimization problem (1.4) is not available. In
stead of performing the minimization argument on 8., Ye [26] introduced a
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suitable submanifold which is also a natural constraint of I|s,. Under the help
of which, Ye [26] could find the mountain pass critical point for the I|s,. Based
on the above fact, it is easy to know that the L2-critical exponent p = 2+8/N
is the threshold exponent of problem (1.3), the corresponding functional is
bounded below when p < 2+ 8/N and unbounded below when p > 2 4 8/N.
After the work by Ye [26], a serious of subsequent study has been done on
the existence of normalized solutions to the nonlinear Kirchhoff equation, for
L?-critical problem we refer to [27, 28], where the author proved the existence
of mountain pass critical point of (1.3) on 8. in [27] and investigated the
asymptotic behavior of critical points in [28], then Luo & Wang [19] obtained
the multiplicity existence of solutions with normalized L?-norm of the equation
(1.3) in N = 3 with 14/3 < p < 6. When involving a trapping potential, Guo,
Zhang & Zhou [10] obtained the existence and discussed the blow-up behavior
of solutions with normalized L?-norm. For more details about the normalized
solutions of equation (1.1) with nonlinearities such as |u[P~2u, we refer to
[13, 20].

Concerning the case of general nonlinearities of the Kirchhoff equation,
there seems to be only few relevant works [6, 11, 25, 30]. Xie & Chen [25] first
generalized the previous work to the general nonlinearities f which satisfies
limy )00 \tllrl% = 4o00. Recently, He et al. [11] proved the existence of ground
state normalized solutions for any given ¢ > 0, then they verified the asymp-
totic behavior of these solutions when ¢ — 07 as well as ¢ — +oo. It is worth
mentioning the very recent work by Zeng et al. [30], they used a global branch
approach which does not depend on the geometry of the energy functional,
so that they could handle the nonlinearities in a unified way, which are either
mass subcritical, mass critical or mass supercritical.

On the other hand, we take a look into the results of normalized solutions
involving the Hartree-type nonlinearity. Li & Luo [16] used a constrained
minimization method on a suitable submanifold of 8(¢), then they proved the
N-dimension fractional Choquard equation has a critical point on g(c) with
the least energy among all the critical points of the corresponding functional
restricted on 8(¢). Under the weaker conditions, Yuan, Chen & Tang [29] used
a minimax procedure and some new analytical technique to show that for any
¢ > 0, the 3-dimension Choquard equation possesses at least one normalized
solution. Bartsch, Liu & Liu [4] used the stretched functional method to
obtain a (PS) sequence for the corresponding functional on 8(c) and together
with concentration compactness argument to show the weak limit of this (PS)
sequence is nontrivial, then the conclusion is easy to know after verifying the
o (c) is strictly decreasing.

It seems that there is only one work [18] investigated the N-dimension
Choquard equation involving kirchhoff type perturbation, which forms as (1.1)
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with K(x) = 1 and f(u) = |u|?~2u, under different ranges of p, Liu [18]
obtained the threshold values separating the existence and nonexistence of
critical points, then Liu studied the behaviors of the Lagrange multipliers and
the energies corresponding to the constrained critical points when ¢ — 0 and
¢ — 400 respectively. To the best of our knowledge, concerning the equation
(1.1) involving the Hartree-type nonlinearity and term K (x), there still exists
a blank for the existence, which is our goal in this paper. The existing methods
either reliy heavily on the power-type nonlinearity f(u) = |u[P~2u with p €
(14/3,6), or could not deal with the appearance of non-constant potential
K (z). Hence, the existing methods could not adapt directly to the equation
(1.1).

In this paper, we will discuss the existence of normalized solutions for
equation (1.1) with the non-constant potential function K(x). To state our
result, we make the following assumptions on K:

(K1) K € €Y(R3,R") and 0 < Ko := limy| o0 K(y) < K(z) for all 2 € R?;

(K2) K € CYR3,RT) and (3+ a — p)K(z) + 2VK(x) -z > 0 for all x € R?,
and (:Z‘Q_%)K(t:r) — VK (tz)-tz is nonincreasing on ¢ € (0, c0) for every
z € R°.

By a standard argument we know that I € C'(H'(R?),R). Before illus-
trating our result we introduce some notations,

d
M, = {u €8.:J(u):= %I(utﬂt:l = O} ,

where
ut(x) == t32u(tz), Yt>0,uc HY(R?),

it is easy to verify that u* € 8, for all t > 0 if u € §.. Our main result is as
follows.

Theorem 1.1. Assume that (K1),(K2) and (F1)-(F3) hold. Then for any
¢ >0, problem (1.1) has a couple of solution (¢, Ac) € 8c X R™ such that

I(@,) = inf I(uw) = inf I(u') > 0.
(fe) = inf I(u) = inf maxI(u’) >

Our paper mainly embraces the case lim;|_ o % = +00, which is under

t| 3
the L2-supercritical case, under this case I(u) is no more bounded below on
8.. Hence, we try to establish the existence of a critical point of I on 8. by
considering minimization problem which is similar to the idea explored by [26],

m(c) := uler%vfu I(u).
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Remark 1.2. When K(x) is a constant, Ye [26] showed the monotonicity
of ¢ = m(c), using which Ye [26] could exclude the vanishing case and the
dichotomy case of minimizing sequence. However, this method relies heavily
on the power-type nonlinearity f(u) = |u|P~%u with p € (%,6), when K is
non-constant and with the appearance of convolution term, the method in [26]
does not work any more. In this point of view, the paper extends and promotes
the previous results on prescribed mormlized solutions of the Kirchhoff-type
equation with Hartree-type nonlinearity.

To complete the Section 1, hereafter we briefly sketch our proof. Note that
we could obtain the following remarks from (K2) and (F3).

Remark 1.3. For any x € R3 and t > 0, from (K2), we can easily deduce
that

30—3—«

2(1—t"= )
R S — x> 0.
39 _3_a VK(z) - z>0

By the continuity of Lo(z,-), we have

2

= . > 3
30_3_QVK($) x>0, VzeR’

}E}I(l) Lo(x,t) =

which implies for any v € R3, t — K(tx) is nonincreasing on (0,00). Since
Lo(z,2) >0 for all z € R3, we have

30—5—«

0< VK@) <2 (30 _;;ffa [K(lx/z) — K@y ere

Thus, by letting |z| — 0o we can conclude that |VK (x) - x| — 0.

Remark 1.4. From (F3), for anyt >0 and 7 € R,

T+a—36

20—tz )
74+ a— 30

200+ 14 — 66 2 _s0

Li(t,7) = mF(THgf?F(t%T)

[f(r)7—=0F(7)]

is non-negative. In particular, for any T € R\ {0}, by (F3), we have

d
&Ll(t,/r) == t 2

t2r| %" |r| 5

e lf(tgr)tgf —OF(t37)  f(r)r — 0F (1)

>0, t>1;
<0, 0<t<l,



NORMALIZED SOLUTIONS OF KIRCHHOFF EQUATIONS WITH
HARTREE-TYPE NONLINEARITY 277

which implies that Li(t,7) > L1(1,7) = 0 for all t > 0 and 7 € R. By the
continuity of L1(-,T), we obtain

. 2 7T+«
Ll(O,T) = tg%l+ h(t77—) = m |:f(7—)7— - F(T):| 2 0, VTeR
together with
d F(t) 1 [ T+a }
— = t)t — F(t
imply that ‘ ﬁ is nondecreasing on both (—00,0) and (0, 400).
t

Under the help of Remarks 1.3 and 1.4, then we could establish a new
inequality in Lemma 3.7, with which we could prove that m(c) is nonincreasing
and m(c) > m(¢) for any ¢ > ¢ provided m(c) is attained. Besides, due to
the appearance of potential K(x), we need to introduce the following limit
equation,

- (a + b/RS Vu|2dx) Au— hu = ( Wdy) Koo f(u(2)),

rs [T —y[Pme
u € HY(R?),

and the corresponding energy functional is

b 2
1°°(u) :g /}R Vul*da + 5 (/R Vu|2dx>

1 K3, F(u(y)) F(u(z))

Comparing the m(c) with m®(c), where

and d
ME® = {u €8c:J%(u) = %Iw(ut)‘tzl = 0}’

we could overcome the difficulty caused by the lack of compactness of Sobolev
embedding H'(R3?) — L*(R3) for 2 < s < 6, and we can verify that m(c)
is achieved by #%.. Then by a standard method we could prove the . is the
critical point of I(u) on §..
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The organization of the remainder of this paper is as follows. In Sect.
2, we are devoted to establishing the essential inequality by Lemma 3.7 and
studying the characteristic description of m(c¢) in Lemma 3.10. In Sect. 3, we
introduce several energy comparisons which are vital to prove the Theorem
1.1, and show the wu satisfying I(u) = m(c) is the critical point of I|s,.

Throughout this paper we make use of the following notations:

e H'(R3) denotes the usual Sobolev space equipped with the inner product
and norm

(u,v) = / (Vu - Vo +uv)dz, |ul = (u,u)/?, ¥V u,0e HY(R?);
R3

o L5(R3)(1 < s < 00) denotes the Lebesgue space with the norm |jul|s =
S 1 .
(Je lul*dz)=;
e For any u € H'(R?), u'(x) := t3/?u(tx) and uy(z) := t*/2u(z/t);
e Forany z e R® and 7 > 0, B.(z) = {y e R® : |y — x| < r};
e C1,Cy, -+ denote positive constants possibly different in different places.

2 Preliminary results

Noting that by the scaling, we have

2 bt ?
I(u') = ‘g /1|Vudx+-4</m|Vude)

e [ KERE D) Pt i
R3 JR3 |z —yf

and the corresponding limit form is

at? 2
I®(u') = - |Vu| dx—|—— </ [Vul dm)

2 3
_ lt*?)*a/ Koo (t2u(x))F(t2u(y))d1‘dy
2 R3 JR3 |z —y[3—

Recalling J(u) = $1(u |t L and J*®(u) := %I‘X’(ut)!t:l7 then we have

J(w) =alVul}3 + b||w||2
- [ [ RO 2 puwute) - 222 Pate))| aoay
r3 JR3 |CE Yl

2 2
N RLCRLOLTCITEIY
R3 JR3

=y
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and the corresponding limit form is
I (u) =a|| Va3 + bl|Vull3
K2 F
[ D 8y - S
R

s Jrs |z —ylPme

3 The proof of Theorem 1.1

To complete the proof, we first show some energy comparison.

Lemma 3.1. Assume that (K1),(K2) and (F1)-(F3) hold. Then m(c) is non-
increasing on (0,00). In particular, if m(c) is achieved, then m(c) > m(¢) for
any ¢ > c.

Proof. For any co > ¢1 > 0, there exists {u,} C M, such that
1
I(up) <mer) + —

Let £ = \/ca/c1 € (1,00) and v, () = € Y?u, (6~ x). Then |v,]]3 = ¢z and
[Vopll2 = |[Vupll2. By Lemma 3.10, there exists ¢, > 0 such that (v,)" €
M.,. Note that since (3 + o — p)K(z) + 2VK (z) - > 0 for all x € R? then

3+a—p

t—t K(tz) is nondecreasing on (0,400) for every x € R®.  (3.1)

Next, by (K2),(3.8) and (3.1), it follows that

m(ca)
< I((Un)tn)
at? btt
= 7||qu1||§ + 7||Vun||£21

_ Lesia / Kt €x) K (£ €y) F(t3 € Fun (2)) F(t3 € Fun (y))
2 R® JR? tyt ¥z — y|3-

g+ b [ [ K DK G )t ()

1

1 / oK (171 6x) K (1 €g) 6 F (14 € un(0)) F(t5 € B (2))
2 Jgs tot |z — y|3-«

a(l —1t2)2

1
[Vunll3 < mier) +

which implies m(cg) < m(ep) by letting n — oo.
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We now assume that m(c) is achieved, that is, there exists u € M. such that
I(u) = m, for any given ¢ < & Let £ = &/c € (1,00) and v(z) = £~/ 2u(E 1 x).
Then [[v]|3 = ¢ and ||[Vv|s = ||Vull2. By lemma 3.10, there exists £ > 0 such
that vf € Mz. Then it follows from (K2), (3.8) and (3.1) that

m(¢é)

I(vh)

IN

at? bt
= 2l + 2 v
i1z _ 3
_153-1—&{—(3-&-@)/ K(t'Eo)K(I 1 &y)F(t2¢~
2 Rr3 JR3

|z —y>~

Q ’“l
N\H
<

N—
3
St
e
wnlrl
ol
<
N~—

~ B ~71‘% 1 2 %u
= I((u)f) 4 5E O+ /R ! K(i )Kg_z;)'f(i JF(itu)

71{7(3+a)/ E3tan g (F1Ex) K (I €y)Er F(E3 € Bu) F(I3 €3 u)
2 RS |.’L‘— |3 o

a(l —12)?
< I(u) - "= Vul < mo)
We have completed the proof. O

Corollary 3.2. Assume that (F1)-(F3) hold. Then m®(c) is nonincreasing
n (0,00). In particular, if m®(c) is achieved, then m*(c) > m>(é) for any

c>c.

Lemma 3.3. Assume that (K1),(K2) and (F1)-(F3) hold. Then m(c) <

m>(c).

Proof. In view of Lemmas 3.10 and 3.13, we have M2° # () and m™>(c) >
Inspired by [7, 22], assume by contradiction that m(c) m>(c). Let ¢ :=
m(c) — m®(c). Then there exists u>° such that

e

u® € M2 and m™(c) + g > I (u®).

In view of Lemma 3.10, there exists t. > 0 such that (u2®)'s € M,.. Since
K < K(z) for all z € R3| it follows from Corollary 3.8 that

m=(c) + = 5 > 17 (W) 2 17((u)") = 1((ue)") = m(c).

This contradiction shows that m(c) < m®(c). O

Lemma 3.4. Assume that (K1),(K2) and (F1)-(F3) hold. Then m(c) is
achieved.
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Proof. According to Lemmas 3.10 and 3.13, we have M, # @ and m(c) > 0.
Let {u,} C M, be such that I(u,) — m.. Since J(u,) = 0, then it follows
(3.8) from with ¢ — 0 that

m(e) +o(1) = I(u,) > /|Vun3,

together with {u,} C 8. imply that {u,} is bounded in H!(R?). Passing to
a subsequence, we have u, — @ in H*(R?), u,, —» @ in L{ (R3) for 2 < s <6
and u,, — 4 a.e. in R3. There are two possible cases: i) & = 0 and ii) @ # 0.
Case i) 4 = 0, namely u,, — 0 in H'(R?), u,, — 0in Lj (R3) for 2 < s < 6
and u, — 0 a.e. in R3. Note that

[ [ B EI D,
Rr3 JR? |z —y[3~
L[ [ ) K )P,
R3 JR3 |z —y[P

b [ [ ) = Kl P P00 o

o=y

and by Hardy—thtlewood—SoboleV inequality, it is easily to check that

[ [ Bl Kl e P
R& R3

Ty e
: ( (P ()] dy)
R:‘S

3+a

6

6

< CK.. ( [l - KOO]F(un)|“6°‘dx>

3+

A 3 6
<@ (/ K (a Oo|si’a|F(un)|3iadx) 0, n - oo,
Recalling (K1) and Remark 1.3, we can obtain that
2
n— Jrs ]R3 \1’— \3 “
K(y)F F
. K(@) - oK @)F (s (@) Plunw) oo
n—=00 Jps Jps |z —y[P-e

from which it follows that
I (up) = m(c), J*(un) — 0. (3.2)
From (3.2), Lemma 3.13-(i), one has
apy < al|Vun |3 + bl Vun|l3

[ KPS
_/R3 |z — y|3e [2f( (z))u() 9 F(u(x))| dady.
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Together with (3.2) and Lion’s concentration-compactness principle [23, Lemma
1.21], we prove that there exist § > 0 and {y,,} C R3 such that fBl(y ) Uy, |*dz >

0. Let 4y, (z) = up(z + yn). Then we have ||ty || = ||un| and

T (i) = o(1), T™ (i) — m(c), /B il @)

Therefore, there exists @ € H'(R3) \ {0} such that, up to a subsequence,
Uy, = @ in HY(R?), 4, — 4 in L{ (R®) for s € [1,6) and 4, — 4 a.e. on R3.
Let w,, = 1,, — 4, thus we have

lal|3:=¢<e, |wnl?:=¢é, <cforlargen €N,

and recalling [21, Lemma 2.10], [22, Lemma 2.7] and [23], we have the following
Brezis-Lieb type lemma

00 (1 o0 (7 [eS) b ~
%2 (i) = 1%°(@) + 1% (wn) + 5 [ Val3[|Ven]5 + 0n(1)

and
I (i) = J (@) 4 T (wn) + bl Vi3] Vwn|[5 + on(1).

Denote
T (u) = 1% (u) ijo"(u)

a
= 2V}

1

t3 / K2 F(u(y))3f (w(x))u(z) — (7 + a)F(u(z))]dedy.
]R3 R3

By Remark 1.4, we have ¥*°(u) > 0 for all u € H'(R3)\ {0}. Moreover, it
follows from (3.3) that

U (wy,) < m(e) — () +o(1), J>®(w,) < —=J¥(0)+ o(1). (3.4)

If there exists a subsequence {wy, } of {w,} such that w,, = 0, then it follows
from Lemmas 3.1 and 3.3 that

m™ (&) < I™(a) = m(c) <m(é) <m>(¢), J=(a)=0,

which together with m®(¢) < m®> (&) < I*°(a) = m(c) < m®(c), imply

I°(4) = m®™(¢) = m(é) = m(c) = m>=(c), J™(u)=0.
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On the other hand, we consider the case that w, # 0, in view of Corollary
3.11, there exists ¢, > 0 such that (w,)» € M. From (3.4), Corollary 3.8,
Lemmas 3.1 and 3.3 we can obtain that

mie) — (i) 4 0(1) > W (wn) = I(wn) — 37 (1)

4

> 1% ((w)'") = 2T (w,)

which implies that J*°(w,) > 0, otherwise we can get a contradiction by
U (4) > 0. In view of (3.4), J*(4) < 0. In view of Corollary 3.11, there
exists too > 0 such that a'= € M2°. From (3.8),(3.3), the weak semicontinuity
of the norm, Fatou’s lemma, Lemmas 3.1 and 3.3, one has

m(c) = lim |I%°(4,) — iJoo(an)

n—oo

= lim U™ (4,) > T (a)

4
= () L) 2 () — )
4
> m2(E) — B2(a) 2 m(e) 2 m(e),

hence by Corollary 3.2, we know that
m>(c) <m> (&) =I*°(a) = m(¢) = m(c) <m*>=(c), J*(a)=0.

Thus, m*(¢) is achieved at 4. In view of Lemma 3.1, we deduce that |43 =
¢ = c due to m>(¢) = m*>(c). By Lemma 3.10, there exists ¢ > 0 such that
@t € M. Then it follows from Corollary 3.8 that

m(e) < I(af) < 1°°(af)
a(l —1?)?
a0t

a(l — #2)?

< I%(a) - IVall3 = m(e) — =———IIVall3,

which implies that @ € M, and I(4) = m(c). Hence, m(c) is achieved at
i € Me.
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Case ii) @ # 0. Let v, = u,, — @, hence
|2 :=¢<e, |vall2:=cn<cforlargen € N.

Then recalling [21, Lemma 2.10], [22, Lemma 2.7] and [23] again, we have

_ b, _
I(up) = I(u) + I(va) + §HVUH§HVUHH% + 0, (1)

and
J(un) = J(@) + J(vn) + bVl 3| Von 3 + 0n(1).

Denote
wwyzmm—iﬂm

a
= 2 IVuls

vy [ EOEOID 0 a)yuge) - 7+ 0] vy

y|3 a
1 VKUéﬁ(W(@WW@Dx
_4A3R3 o — 3 dody

Recalling that Remarks 1.3 and 1.4, thus ¥(u) > 0 for all u € H'(R?) \ {0}.
In a similar way to the inequality (3.4),

U(v,) <m(e) — V() +o(1), J(v,) <-=J(a@)+ o(1). (3.5)

If there exists a subsequence {vy,} of {v,} such that v,, = 0, then it follows
from Lemma 3.12 that

m(c) < I(u) =m(c) <m(c), J(u)=0,
which implies
(@) = m(c) = m(@), J(@)=0. (3.6)

Otherwise, we consider the case that v, # 0. In view of Lemma 3.10, there
exists ¢, > 0 such that (v,)" € M,,. From (3.8) and (3.5), we have

1

m(e) = (@) +o(1) = U(v,) = I(vn) = 7T (0n)

") -
> I((va)"") - %an) > m(en) — T (vn)
> m(e) — %"J(vn) + 0,(1),
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which implies that J(v,) > 0, otherwise we can get a contradiction by ¥(a) >
0. In view of (3.5), J(@) < 0. In view of Lemma 3.10, there exists > 0 such
that @' € M. Then it follows from (3.8), the weak semicontinuity of norm,
Fatou’s lemma and Lemma 3.1 that

n— oo n—oo

m(c) = lim [I(un) - iJ(un)] — lim U(u)

which implies (3.6) holds for v, # 0. This shows that m(¢) is achieved at
2 € M. In view of Lemma 3.1, we have ||ul|3 = ¢ = ¢ due to m(c) = m(¢).
By Lemma 3.10, there exists ¢ > 0 such that @' € M,.. Then it follows from
(3.8), (3.1) and (3.6) that

m(c) < I(a')

a(l—£2)

2 2
vl = me - 20

2\2
< I(w) - = v,

which implies that @ € M, and I(a) = m(c). Hence, m(c) is achieved at
u € M. O

In the same way as [7] or [21], we can obtain the following Lemma.

Lemma 3.5. Assume that (K1),(K2) and (F1)-(F3) hold. If u € M, and
I(w) = m(c), then 4 is a critical point of Ilg..

Lemma 3.6. Assume that (K1),(K2) and (F1)-(F3) hold. If u € 8. is a
critical point of I|s_, then J(@) =0, and there exists A\, < 0 such that I'(4) —
Acu = 0.

Proof. Since (I]s.)' (@) = 0, there exists A, € R such that I'(a) — A,z = 0, and
0
(I (u) = Aew, w) =a|[ Va3 + b][ Va3
[ [ OO et
RS JR3

|z —y[3~

(3.7)

= Acllall3 = 0.
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Moreover, u satisfies the following Pohozaev identity:

_ a,— _ b, .
P(@) =5 [IVal3+ 5 | Val3

[ [ EOF DR ) 2K ) 1y,
r3 JR3 2z —y[3-
- SxJalg =0,
together with (3.7), then we have
J(u) = g([’(u) — A, u) — P(a) = 0.
Noting that ||@]|3 = ¢, it follows (F1) and (K2) that
2X.C
_ [ K@QFGO)E @ @@)a) - 3+ K@ Fa@)],
RO [z —ylP~
[ KQICITE) 2T,
RS |z —y[Pe
_ [ K@)F(u(y))[K(x)f(a(x))u(x) - MF(ﬂ(fﬂ))]dzdy
RS |z —y[>
[ EWF@)IG+a - n)K@F () + VK@) oF )],
RS [z —y~
<0,
thus A\. < 0. This completes the proof. O

Proof of Theorem 1.1. According to the Lemmas 3.12 and 3.4-3.6, for any
¢ > 0 there exists %, € M, such that

I(t,) = = inf maxI((a.)" I' (@) =
(e) =m(c) = inf maxI((d)’)>0,I'(dc) =0,

and there exists a Lagrange multiplier A. € R~ such that (@, \.) is a solution
of problem (1.1). O

Lemma 3.7. Assume that (K1),(K2) and (F1)-(F3) hold. Then

1—t4 a(l —t?)

2
I(u) > I(u') + 1 J(u) + 1 Vull2, Vue H' (R?), t>0. (3.8)
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Proof. For any z € H'(R3) and ¢ > 0, it is easily checked that

)~ 1)
—di-t) >||Vu||% + =By
/ K KOF L))
s JR3 \x—y|3 “

t-3 @ / K (') K (7 y) F(t3u(e) F(tHu(y))
R3 ]R3

gy dxdy

1—
= {QIIVuH% +b]|Vul3

3+a K () K (4) F(u(2)) F (u(y))
/Ra . |x— Yo d“"dy}

1—t4 / K(2)K(y) f(u(x))u(z)F(u(y))
R3 JR3

o=y

dzdy

1— t2 2
dzdy + uHVqu

+ o / VK (2) - 2K (y) F(u(z)) F(u(y))
R3 JR3

1 PR 1

~(@+a) [ KK~ ) Pt Fehu)
o oo &=y

1 Bra) 1o K(@)K )P () Fu()
{f ]/ . [y dody
e VK (2) - 2K (y) F(u(@)) F(u(y))

/Rs /. R dedy

3 1 a K (@)K (3) ] (u(2))ule) F(u(y))

+ 5 /]RS g z—ypo dzdy.

It suffices to prove that for any =,y € R3, ¢t > 0 and 71,7 : R? = R,

L2(x7y7ta7—177—2)
ML R GBS
B R3 JR3

2 2

R ETL L Yt AL
4 R3 JR3 \x—y\S_o‘

B [1+ B+a) 1_t4]/R3 ) K(x)K(y)F(T_l)F(TQ)

3 1t / K(I)K(y)f(ﬁ)ﬂF(T?)dxdy >0
2 R3 JR3 o

|z —yl3~
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|1+7

Let M = t3|1y| 3 ‘7‘2|QT+7, then we have

d
ng(iC y,t 7'1,7'2)

dt
—4—a 1 —1 3 3,3 \,3 30 ., .2
=t Kt o) Kt y)F(t2m) | = f(t2m)t2m — —F(t27)| dady
s Js 2 2

e /R [ KPP K?’; _3 ! O‘) K(t~'2)

—VK(t 'z) -t 2] dedy

¢ [ K@RF@FE) [ fmn - G Fm)|

4 /R [ KPP K?’; _ 3;“) K(2) - VK () a:] dzdy

M tir)tim — OF(t2 F(t3
S0 ek B ZIRER) TR g,
R3 JR3 |t27'1| |t27'2‘
F(t3 F(t3 0—3—
or [ ey DO IR (B0 ko)
r3 JR3 [t3m|%5 |t27s|™s 2
—VK(t 'z) -t 2] dedy
M f(m)m — 0F (T F(r
7/ / K(y)K (r)m . () (a+)7 dedy
RS JR3 71|73 |T2| 3

o S () - o

Recalling the (F3), (K2), Remarks 1.3 and 1.4, thus

>0, t>1;

d
) £,
q @y tn T2){g0, 0<t<1.

It follows that Lo(z,y,t,71,72) > La(z,y,1,71,72) =0 for all 2,y € R3, ¢t > 0
and 71,72 € R. We have completed this lemma. O

From Lemma 3.7, we have the following corollaries.

Corollary 3.8. Assume that (F1)-(F3) hold. Then

1—t4 1—¢2)2
- J°°(u)+¥||w||§, Vue H'(RY), t> 0.

I°(u) > I (uh) +
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Corollary 3.9. Assume that (K1), (K2) and (F1)-(F3) hold. Then

_ ¢
I(u) 7r7{1>anI(u ), YV ue M.

Lemma 3.10. Assume that (K1),(K2) and (F1)-(F3) hold. Then for any
u € HY(R3) \ {0}, there exists a unique t,, > 0 such that u'* € M..

Proof. Let u € H*(R3) \ {0} be fixed and define a function ((¢) := I(u’) on
(0,00). Clearly, we have

¢'(t) =0 & at||Vul3 + bt*|[Vull3

3+a Kt 1a)K(t y)F(t3u(z))F(t2u(y))
5L T

+/ VK(t~'z) - (" a) K (1~ y) F(t2 u(@) F(t2 u(y))

t4+o¢|5C _ |3 @

dzdy

dzdy

_,/ K ) K () (u@) @ F ) o
R3 JR3

t4+o¢‘x _ y‘S «a
& ;J(ut) =0&u' e M.
Note that Remarks 1.3 and 1.4 lead to
T+a

Kt '2)F(t37) <t K(z)F(r), Yz €R® te(0,1), T €R.

Thus, for any ¢ € (0,1), one has

) 2 S vulg+ vy - gt [ [ KEROEIE0) 40,

o =y~

which implies that {(¢) > 0 for ¢ > 0 small. Moreover, by (K1)-(K2) and (F1)-
(F2), it is easy to verify that lim;_,o ((¢) = 0 and ¢(¢) < 0 for ¢ large. Therefore
maXe(0,00) ¢(t) is achieved at ¢, > 0 so that ('(t,) = 0 and u' € M..

Next, we claim that ¢, is unique for any u € H'(R3)\ {0}. Otherwise, for
any given u € HY(R?) \ {0}, there exist positive constants ¢; # t5 such that
ult,u'2 € M., that is, J(u'') = J(u'?) = 0. Then (3.8) implies

t4

I(ut1)>l(ut2)—|— i

J( 1) = I(u'?) > I(u') + 2

J( 2) = I(u').

4t4
This contradiction shows that ¢, > 0 is unique for any v € H'(R3)\ {0}. O

Similarly, we have the following corollary.
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Corollary 3.11. Assume that (F1)-(F3) hold. Then for anyu € H'(R3)\{0},
there exists a unique t2° > 0 such that uts € M.

Combining Corollary 3.9 and Lemma 3.10, we obtain the following prop-
erty.

Lemma 3.12. Assume that (K1),(K2) and (F1)-(F3) hold. Then

LB 1) = () = o e 1),

Lemma 3.13. Assume that (K1),(K2) and (F1)-(F3) hold. Then
(i) there exists po > 0 such that ||Vull2 > po, V u € M,;
(i1) m(c) = infyen, I(u) > 0.

Proof. (i) By (F1), we deduce that

£(t)
LA

is monincreasing on both (—o0,0) and (0, 400),

and by Remark 1.4, we derive that for any s € R,

[t F(s) < F(st) < [t| 5 F(s), if [t| <1
[t F(s) < F(st) < |t|“F(s), if [t| > 1,

which implies that there exists a constant Cg > 0 such that
0< F(t) < Collt] 5 +]t), Vi € R

Since J(u) = 0, V u € M., from the Gagliardo-Nirenberg inequality and the
Hardy-Littlewood-Sobolev inequality, we deduce that

al| Vul/3
< a|[Vull3 + b]|Vul)3

_ / K(x)K(y)F_(u(y)) (3 Flu(@))u(z) — 22 F(u(m))) dedy
R3 JR3

|z — yl3 o 2 2
[ [ SED KGRl
r3 JR3 |33 —y[3

<e (||u|14+2a+||u|| )
3F

) n(3 3 6u(3+
< Co[Vulllull 7 + €| Tuf D 3+

= Coca | Vuld + CycBHBra—m)|wy|SBH—=8) "y 4 e v,
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which concludes the proof of (i).
(ii) By (i) and (3.8) with ¢ — 0, we have

1 a a
I(u) = I(u) = 7 J(u) 2 ZIWUII% > Zpﬁv Vue M.

Hence, m(c) = infyen, I(u) > 0. O
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